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$\Delta_{f,\varphi}=$ {$g:Xarrow Y|d_{\gamma}(f(x),$ $g(x))\leq K_{s}ux)$ for all $x\in X$ and some $K_{e}z0$}
$d_{f.\varphi}(g, h)= \inf\{K\geq 0:d_{Y}(g(x), h(x))\leq K\varphi(x)(\forall x\in X)\}$
, $(\Delta_{f.\varphi}, d_{f.\varphi})$ $h:Xarrow Y,$ $x\in X$ ,
$(Th)(x)=\tau h(\sigma x))$ ,
$\beta$ . $:= \sup_{y_{1}\cdot y_{2}}\frac{d_{\gamma}(\tau y_{1},\tau y_{2})}{d_{\gamma}(\mathcal{Y}_{1},\mathcal{Y}_{2})}<\infty,$ $\beta_{\varphi}$ $:= \sup_{\propto x)\cdot 0}\frac{\varphi(\sigma x)}{\varphi(x)}<\infty$ and $\tau f\sigma\in\Delta_{f,\varphi}$
,
$T(\Delta_{f.\varphi})\subseteq\Delta_{f.\varphi},$ $d_{f,\varphi}(Tg, Th)\leq\beta_{t}\beta fl_{f,\varphi}(g, h)(\forall g, h\in\Delta_{f,\varphi})$
, $\beta_{\tau}\beta_{\varphi}<1$ , Banach , $T$
$f_{\infty}\in\Delta_{f.\varphi}$
$d_{f.\varphi}(f, f_{\infty}) \leq\frac{d_{f,\varphi}(f,Tf)}{1-\beta_{t}\beta_{\varphi}}$ and $\lim_{narrow\infty}d_{Y}((T^{n}f)(x), f_{\alpha}(x))=0(\forall x\in X)$
3. Hyers-Ulam Rassias
(II) $XxX$ $\epsilon$ $X$
$\delta$ , 2 $\circ,$ $\Delta$ $\epsilon,$ $\delta$
, :
If $d_{\gamma}(f(x_{1}\circ x_{2}), g(x_{1})\Delta g(x_{2}\rangle)\leq\epsilon(x_{1}, x_{2})$ and $d_{Y}(f(x), g(x))\leq\delta(x)$ for all $x_{1},$ $x_{2},$ $x\in X$ ,
then there exists a unique maPping $f_{\infty}$ : $Xarrow Y$ such that $f_{\infty}(x_{1}\circ x_{2})=f_{\infty}(x_{1})\Delta f_{\epsilon}(x_{2})$ ,
$d_{\gamma}(f(x), f_{\infty}(x))\leq A\epsilon(x, x)+B\alpha x)$ and $d_{\gamma}(g(x), f_{\Phi}(x))\leq A\epsilon(x, x)+c\alpha x)$ for all $x_{1},$ $x_{2},$ $x\in X$
and for some positive constants $A,$ $B$ and $C$ .
(I) $x_{1},$ $x_{2}\in X$ , $x_{1}\circ x_{2}=\sigma(x_{1})$
$y_{1},$ $y_{2}\in Y$ , $y_{\downarrow\Delta}y_{2}=\tau(y_{1})$ $\sigma$
, $\sigma^{-1}$ $\sigma$ , $X$ $\epsilon,$ $\delta$ ,
39
, (I) :
If $d_{\gamma}(f(\sigma x), \tau g(x))\leq\epsilon(x)$ and $d_{\gamma}(f(x), g(x))\leq\delta(x)$ for all $x\in X$ , then there exists a
unique maPPing $f_{\infty}$ : $Xarrow Y$ such that $f_{\infty}(\sigma x)=\tau f_{\infty}(x),$ $d_{Y}(f(x), f_{\infty}(x))sA\epsilon(x)+B\delta(x)$ and
$d_{\gamma}(g(x), f_{\infty}(x))\leq A\epsilon(x)+C\delta(x)$ for all $x_{1},$ $x_{2},$ $x\in X$ and for some positive constants $A,$ $B$
and $C$ .
4.
$A,$ $B$ Banach , $X,$ $Y$ Banach A-module, Banach B-module
$p,$ $q\in R,$ $a,$ $b\in A,$ $c,$ $d\in B$ , $\theta$
1 . $a+b$ $|c+d| \max\{|(a+b)^{-l}|^{p}, |(a+b)^{-1}|^{q}\}<1$
$|f(ax_{1}+bx_{2})-cf(x_{1})-df(x_{2})|\leq\theta(|x_{1}|^{p}+|x_{2}|^{q})(\forall x_{1}, x_{2}\in X)$
, : $Xarrow Y$ :
$f_{\infty}(ax_{1}+bx_{2})=cf_{\infty}(x_{1})+df_{\infty}(x_{2})(\forall x_{1}, x_{2}\in X)$
and
$|f(x)-f_{\infty}(x)|_{1-\Vert c+d|\max\{|(a+b)^{-1}|^{p},|(a+b)^{-1}|^{q}\}}^{\theta\max\{|(a+b)^{-1}|^{p},|(a+b)^{-I}|^{q}\}(|x|^{p}+|x|^{q})_{(\forall x\in X)}}\leq\ovalbox{\tt\small REJECT}$ .
2. $c+d$ $|(c+d)^{-1}| \max\{\# a+b|^{\rho}. |a+b|^{q}\}<1$
$|f(ax_{1}+bx_{2})-cf(x_{1})-df(x_{2})|\leq\theta(|x_{1}|^{p}+|x_{2}|^{q})(\forall x_{1}, x_{2}\in X)$
, : $Xarrow Y$ :
$f_{\infty}(ax_{1}+bx_{2})=cf_{\infty}(x_{I})+df_{\infty}(x_{2})(\forall x_{l}, x_{2}\in X)$
and
$|f(x)-f_{\infty}(x)| \leq\frac{\theta|(c+d)^{-1}|(|x|^{\rho}+|x|^{q})}{1-|(c+d)^{-1}|\max\{|a+b|^{p},|a+b|^{q}\}}(\forall x\in X)$ .
$A=B=C,$ $a=b=c=d=1,$ $p=q$ 1 Gajda
[3] :
$p>1$ and $|f(x_{1}+x_{2})-f(x_{1})-f(x_{2})|\leq\theta(|x_{1}|^{p}+|x_{2}|^{p})(\forall x_{1}, x_{2}\in X)$
$\Rightarrow\exists$ ! $f_{\infty}$ : $Xarrow Y$ ; $|f(x)-f_{\infty}(x)| \leq\frac{2\theta}{2^{\rho}-2}|x|^{p}(\forall x\in X)$
2 D. H. Hyers [$4$ ( $p=0$ case), Th. M. Rassias [8] ( $0<p<1$
case) Miura-Hirasawa-Takahasi [7] ( $p<0$ case) :
$p<1$ and $|f(x_{1}+x_{2})-f(x_{1})-f(x_{2})|\leq\theta(|x_{1}|^{\rho}+|x_{2}|^{\rho})(\forall x_{1}, x_{2}\in X)$
$\Rightarrow\exists$ ! $f_{\infty}$ : $Xarrow Y$ ; $|f(x)-f_{\infty}(x)| \leq\frac{2\theta}{2-2^{p}}|x|^{p}(\forall x\in X)$
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